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Forced current sheets in a flapping magnetotail

C. M. Cully, R. E. Ergun, E. Lucek, A. Eriksson, D. N. Baker, an d C. Mouikis

Abstract: In the late growth phase, a thin current sheet often forms inthe magnetotail, with a scale size comparable to
the thermal ion gyroradius. This thin current sheet is typically embedded within a much thicker plasma sheet, and often
precedes substorm onset. In that sense, it is the initial condition for reconnection or current disruption. A number of
models have been developed to explain the equilibrium kinetic solution of such a current sheet. One popular model is the
forced current sheet. In this one-dimensional solution, the current is supported by the pressure anisotropy seen in a rapidly
translating deHoffmann-Teller frame. In this paper, we search for forced current sheets in the Cluster data from 2001 (at
∼19 RE apogee). First, we develop a forced current sheet model using typical parameters for the magnetotail, including
flapping motion. Using this model, we identify the observational characteristics of forced current sheets, concentrating
on the DC electric field. We then search for these features in the Cluster data from 2001. Despite searching through
more than 100 encounters with stable current sheets, we wereunable to find a suitable example. We conclude that the
relative velocity between the satellites and the deHoffmann-Teller frame is low, except in extremely dynamic situations.
Consequently, forced current sheet models with anisotropysupplied by the deHoffmann-Teller translation are not widely
applicable to the stable magnetotail at∼19 RE .

Key words: Substorms, magnetotail structure, forced current sheets.

1. Introduction

In the past decades, increasingly sophisticated kinetic simu-
lations have been brought to bear on the fundamental processes
driving substorms. The impact of these codes has been substan-
tial; for example, the “GEM reconnection challenge” [2] has
shaped the way many authors view reconnection. Nonetheless,
the utility of these simulations depends on finding the correct
initial and boundary conditions.

Some simulations are relatively insensitive to the initialcon-
ditions. For example, the GEM challenge imposes a rather ex-
treme perturbation at the boundary, which forces the reconnec-
tion to develop in a manner relatively insensitive to the initial
conditions. The reasoning is that these simulations focus on the
basic plasma physics, and the development from initial condi-
tions is not of interest.

The magnetosphere probably doesn’t supply such radical
boundary conditions, and the processes that occur within are
thus more influenced by initial conditions. Several authorshave
noted that the magnetotail exhibits hysteresis [15,26], which is
a dramatic example of sensitivity to initial conditions. Wefeel
that it is important to understand the stable equilibrium ofthe
magnetotail.

Most simulations use a Harris model [10] for the initial con-
dition. While simple and attractive, the Harris model is one
dimensional and does not include the observed normal com-
ponent of the magnetic field (Bz). Some authors simply add a
constant normal component to construct a field geometry more
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consistent with observations. However, the magnetic tension
force in the resulting configuration is unbalanced, resulting in
a non-equilibrium state.

More complicated equilibrium solutions do exist. One ma-
jor class of equilibrium solutions assumes an isotropic distri-
bution, and allows the plasma parameters to vary across field
lines [13, 18, 21, 22]. In this paper, we will not focus on these
2-dimensional models.

A second major class of solutions assumes anisotropic dis-
tributions (P|| > P⊥) at the model boundaries [6–8,12,25,28].
Known as forced current sheet models, this class of solutions
is entirely one-dimensional. In this paper, we try to betterun-
derstand the applicability of forced current sheets at Cluster
apogee (∼19 RE).

Our first task is to extend some of the numerical simulations
of forced current sheets [6]. One of the key discoveries of the
Cluster mission is extensive spatial structure in the±y direc-
tion, often seen as even-parity (kink-type) oscillations [20,23].
Indeed, since this flapping is what usually causes the satellites
to pass through the current sheet, the vast majority of observa-
tions occur during intervals of flapping. Consequently, thepar-
ticular extension we are interested in is this: what happensto a
forced current sheet if wave structure develops in the current-
carrying (±y) direction?

After developing the model, we are in a position to assess
how much forcing is required to drive these models in realistic
circumstances (i.e. how large of an electric field). We then use
this knowledge to search for an example of a forced current
sheet in the Cluster data from 2001.

The first section of this paper is a review of the basics of
forced current sheet models. The second section extends the
models to situations with kink-type structure in they direction,
and quantifies how much forcing is required. After a brief com-
parison of the required forcing to previously-publishedaverage
conditions, we then describe a search for these conditions using
Cluster data from 2001. The results of the search are negative:
we were unable to find an example of a forced current sheet.
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2. Forced Current Sheets

Forced current sheets are sheet configurations in which the
magnetic field is supported by an anisotropic plasma pressure.
There is an extensive literature that discusses these models,
from early work in the 1970’s [12,19] to recent work published
in the past few months [31].

Consider a current sheet in thêy direction, with the sheet
normal toẑ, as sketched in Figure 1. The resulting magnetic
field reverses sign atz = 0, and there is an additional con-
stant normal componentBz (assumed positive). The sheet is
connected at large values ofz (both positive and negative) to
a reservoir of particles. Because of the normal componentBz,
particles may flow along the field lines and interact with the
sheet, either crossing it to flow into the reservoir on the other
side, or reflecting back to the initial reservoir.

Fig. 1. Magnetic field configuration and coordinate system.ŷ is
out of the page.

The essential idea for a forced current sheet is that particles
in the reservoirs have a larger parallel pressure than perpendic-
ular pressure. Their parallel velocities are initially to the right
in Figure 1, and are bent back to the left by their interaction
with the sheet. They consequently exert a reaction force on the
sheet in the negativêx direction. Equilibrium is achieved when
this force exactly balances the magnetic tension force.

The pressure anisotropy in the reservoir is generally assumed
to arise from one of two conditions. Either the parallel temper-
ature is larger than the perpendicular temperature, or the dis-
tribution flows along the field line with some parallel velocity.
A combination of these two conditions is also possible. Early
formulations tended to focus on the first possibility, whilemore
recent works [6, 25, 28] focus on the second possibility: large
parallel flow. The term “forced current sheet” was coined by
Burkhart et al., and applies principally to this second condi-
tion [6].

Parallel flow might at first seem to be an unlikely candid-
ate to support a quiet-time current sheet, since satellite obser-
vations seldom show the near-Alfvénic flows required. How-
ever, the relevant frame in which to assess the pressures is the
deHoffmann-Teller frame. If the normal magnetic fieldBz is
small, then a small convection fieldEy can cause the deHoff-
mann-Teller frame to translate very rapidly in thex̂ direction.
For example, a convection electric fieldEy=1 mV/m combined
with a constant normal fieldBz=2 nT creates a deHoffmann-
Teller frame moving at 500 km/s. Near the particle reservoirs
at the edges, this motion is very nearly parallel to~B.

The maximum current that can be generated from an aniso-
tropic distribution is given by the marginal firehose criterion
[12,19]:

B2

µ0

= P|| − P⊥ (1)

where both the magnetic fieldB and the pressuresP|| andP⊥

are taken at the boundary, far from the sheet. The pressures
are functions of both the conditions at the reservoir (whichde-
termines the incoming half of the distribution function) and the
current sheet itself (which determines the outgoing half).

In the case where the excess parallel pressure is supplied by
a parallel driftVD at the boundary, and in the limit of zero pitch
angle scattering by the sheet, the marginal firehose condition
reduces simply toVD = VA, the Alfvén speed far from the
sheet. In the other limit, that of perfect isotropization bythe
sheet, a larger speed is required:VD =

√
3VA [6].

The drift speedVD is related to the deHoffmann-Teller speed
VHT by the relationVD = VHT cos(θ), whereθ is the (small)
inclination angle of the asymptotic fieldθ = tan−1(Bz/Bx)
with Bx andBz evaluated at the boundary. The drift is strictly
parallel to ~B in the deHoffmann-Teller frame, as required by
the condition that the electric field vanish.

The marginal firehose condition is, however, only an upper
bound on the possible current. Numerical simulation [6] has
shown that this maximum current is attained for sufficiently
thin sheets. “Sufficiently thin” in this case can be assessedus-
ing the parameter

κ =

√

Rmin

ρmax

(2)

whereRmin is the minimum radius of curvature of the field line
andρmax is the maximum Larmor radius of a thermal-energy
ion [4]. In order to reach the marginal firehose limit,κ must be
less than about 0.2 [6]. In this regime, the sheet is sufficiently
thin that the ions execute Speiser-type orbits [29].

For values ofκ between roughly 0.2 and 0.7, a forced current
sheet still develops, but with a smaller magnetic field (closer to
the lower limit VD =

√
3VA). No solutions have been found

for values ofκ above 0.7. This condition marks the onset of
deterministic chaos in the particle trajectories [4]. It has been
proposed [6] that no equilibrium solution exists in this chaotic
rangeκ ≈ 1, and that a sheet that approaches this condition
may suffer a catastrophic loss of equilibrium.

Assuming a small value ofκ (. 0.2), the quasi-adiabatic
invariant

Iz =
1

2π

∮

mvzdz (3)

is approximately conserved [24]. An elegant analytical model
[25] can be created by explicitly conserving this quantity.This
extends the applicability of the forced current sheet models
into the regimeVD . VT (with VT the thermal velocity). This
regime is difficult to access with numerical studies due to poor
signal-to-noise ratio. With the assumptionκ � 1, the mar-
ginal firehose condition gives the appropriate field magnitude
(not just an upper bound).
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3. Numerical Investigation

The numerical model we chose is an iterative self-consistent
method fundamentally similar to the one used by Burkhart et
al. [5, 6]. The method treats the full motion of the ions, but
treats the electrons as a charge-neutralizingfluid using a simple
Boltzmann approximation. Ions are initially traced through trial
electric and magnetic fields, with the resulting velocity and
density moments calculated on a grid. New fields are then com-
puted using these moments, and the particles are traced through
these new fields. This process is repeated until the fields con-
verge from one iteration to the next (or diverge – see below).

The simulation box in our study is a 256 by 256 element
rectangular domain in the y-z plane. We initialize ions at the
top and bottom edges of the domain according to a drifting
Maxwellian distribution. The drift is parallel to the magnetic
field, as required in the deHoffmann-Teller frame. Particles are
then traced in three dimensions through the simulation box us-
ing the non-relativistic Lorentz force equation. We use a fourth-
order adaptive-stepsize Runge-Kutta integrator, and 20000 to
100000 particles per iteration.

The magnetic field on the first iteration is given by an initial
guess as a hyperbolic tangent with an asymptotic field strength
given by the marginal firehose condition and a constant normal
componentBz0. On subsequent iterations, we find the mag-
netic field by

~B = ∇× ~A + Bz0ẑ (4)

∇2 ~A = −µ0n(y, z)~v(y, z) (5)

(6)

whereBz0 is a constant and all other symbols have their usual
meanings. Velocities and densities are computed directly from
the particle distributions at each grid point. Velocities in thex
direction are small, and we do not include them in the calcula-
tion of the magnetic field.

The electric field is initially set to zero. On subsequent iter-
ations, we calculate it by

~E = −∇φ + ~Eexternal (7)
eφ(y, z)

kTe

= ln

(

n(y, z)

n0

)

(8)

(9)

whereTe is the electron temperature andn0 is the average
density at the top boundary. The results are relatively inde-
pendent of the electron temperature, as noted previously [6].

Convergence for this method typically takes only a few iter-
ations. It indicates the existence of a time-stationary solution,
but does not guarantee stability. Some of the distribution func-
tions encountered both in this work and in the other forced
current sheet literature are clearly unstable to a variety of in-
stabilities. Assessing this is, however, outside the scopeof this
article.

Divergence typically occurs for one of two reasons. First,
when the drift speed is small relative to the thermal speed
(VD . VT ), numerical noise becomes a problem. This can be
remedied by simply adding more particles, and has no physical

relevance. Second, the method diverges when theκ parameter
(equation 2) is larger than∼0.7. As discussed above, it seems
likely that no stationary solution can exist in this chaoticrange,
in which case the method diverges for physically meaningful
reasons [6].

We report here on two simulation runs. In the first run, we
used a flat sheet with no electric fieldEy, a normal compon-
ent of the magnetic fieldBz0 = 2 nT and a densityn0 of 0.3
cm−3. The thermal speed of the incoming distribution was 600
km/s (i.e. 1.9 keV), and we varied the (parallel) drift speedup
to 2000 km/s. The asymptotic magnetic field far from the res-
ulting current sheet is shown as the filled circles in Figure 2.

Fig. 2. Maximum magnetic field as a function of drift velocity
VD, for a flat sheet and a sheet with a kink-type wave. Equivalent
electric fields in the 2 nT normal magnetic field are shown on the
upper abscissa.

Setting the electric field to zero puts the simulations in the
deHoffmann-Teller frame. An equivalent simulation was also
performed in the drifting frame, with the drift velocity setto
zero and the external electric field varied. The results of the
two techniques are consistent.

At larger values of the drift velocityVD, the magnetic field
asymptotes to the marginal firehose limit. However, at more
realistic values ofVD, the finite temperatures of both the ions
and the electrons (Te=400 eV) cause the sheet to thicken. The
wider sheet increases the value ofκ enough that increased
pitch angle scattering occurs, and the magnetic field is closer to
the strong-scattering limit of1/

√
3 times the marginal firehose

limit.
The second set of simulations used the same parameters, ex-

cept that we introduced an even parity (kink-type) wave struc-
ture into the sheet. The waves were supported by an electric
field

Ey = −ωaBx cos(ky) (10)

with ω, a andk the wave frequency, amplitude and wavenum-
ber respectively. This is the induced electric field

∇× ~E = −∂B

∂t
(11)

caused by a changing magnetic field
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Bx(y, z, t) = Bx(z′) (12)

z′ = a sin(ky − ωt) (13)

in the rest frame. The introduced wave had a period of 60
seconds, an amplitude of 500 km and a wavelength of 7500 km.
We implicitly assume here that a stable, non-growing kink-type
mode exists. While observationally reasonable (see section 5),
we cannot verify this stability with the current model.

This induced field is not curl-free, and cannot be transformed
away. That is, no deHoffmann-Teller frame exists under these
conditions. This isn’t a problem in the simulations, since the
physics is independent of the frame, and the simulation frame
can be switched easily. However, since the method is time-
independent, there is one restriction on the frame: it must be
co-moving inŷ with the wave. In the frame moving at~cframe =

(ω/k)ŷ, an additional electric field~E′ = ~cframe × ~B arises
from the Galilean transformation. Since the solution in this co-
moving frame is time-independent, the numerical method is
applicable without the need to extend to the time domain.

The numerical technique converges for roughly the same
range of parameters as the flat sheet. Although the familiar
caveats apply regarding the stability of the solution, thismeans
that we have found an equilibrium solution with a kink-type
wave present. Figure 3 is a pair of contour plots of the con-
verged solution forVD=2000 km/s. Shown are the density and
velocity. The sheet is roughly 700 km across, with a strong
density peak near the centre. Lower drift speeds result in a
broader sheet (up to twice as thick) with a less-pronounced
density maximum. The velocity enhancement is somewhat wid-
er than the density enhancement. The direction of the velocity
vectors closely follows the kink motion.

The asymptotic magnetic field for this simulation run is plot-
ted using open squares in Figure 2. For the same drift speed, the
structured current sheet does not support as much current. The
reason for this behaviour seems to be that the kinked sheet ran-
domizes the trajectories more than the flat sheet. This widens
out the sheet (by about a factor of 2) and reduces the total cur-
rent.

The goal of these numerical studies is to estimate the min-
imum electric field required to support a forced current sheet
under realistic conditions. Referring to Figure 2, it’s clear that
for a typical 25 nT asymptotic field, the electric field must be
at least 2 mV/m in a sheet with a density of 0.3 cm−3.

4. Comparison to published averages

In the satellite frame, the anisotropy required for a forced
current sheet could manifest itself in three different ways. A
large anisotropy in the ion distribution is one fairly obvious
signature. Observationally, however, the required anisotropies
are rarely observed [17, 22]. Typical observed anisotropies in
the current sheet are substantially less than 10% [14]. Assum-
ing a typical pressure of 0.2 nPa at 20 RE [14], a 10% aniso-
tropy results in a maximum field strength of only 5 nT (using
the marginal firehose condition). While certainly possiblein
extremely dense sheets, or under conditions of unusually large
anisotropy, it seems unlikely that the temperature anisotropy
could frequently support forced current sheets.

Fig. 3. Density (left) and speed (right) for a forced current
sheet with a kink-type wave. Selected velocity vectors havebeen
plotted in the right hand panel.

Fig. 4. Cluster magnetic and electric field data from 2001
October 11. Colour coding is black, red, green, magenta for
Cluster satellites 1 through 4 respectively (see panel 3).

A second possibility is that the anisotropy could manifest
itself as a bulk flow in the spacecraft frame. With typical bulk
flows less than 50 km/s [14], this translates to no more than a
few nT.

The final possibility is that the deHoffmann-Teller frame is
translating rapidly with respect to the spacecraft frame. Typical
electric fields are roughly 0.2 mV/m [30], which when coupled
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with a normal magnetic field of some 2 nT results in a 100 km/s
drift. Again using typical parameters, this yields only a±5 nT
asymptotic magnetic field.

From the statistical observations, it seems fair to conclude
that the average magnetotail is not described by a forced cur-
rent sheet model. On the other hand, thin current sheets are not
“statistically average” events. Indeed, large anisotropies have
occasionally been observed prior to substorm onset [16]. Con-
sequently, we decided to re-examine the observations to search
for forced current sheets.

5. Case study

Figure 4 shows Cluster observations of a stable current sheet
encounter on October 11th 2001, immediately prior to a sub-
storm. The top three panels display the magnetic field from the
FGM fluxgate magnetometer [1] in a coordinate system chosen
to match the simulation coordinates. The current sheet normal
ẑ was found at each data point as the gradient [11] in the mag-
netic field strength. The coordinate system for Figure 4 uses
the averagêz direction, and̂x was found by rotating about this
axis to maximize the field inx and minimize the field iny.

Between 0310 UT and 0320 UT, there are strong waves that
rotate the sheet normalẑ by roughly 60 degrees. The mode is
largely even parity (kink-type), as evidenced by the fact that
the oscillations at C3 remain in phase even whenBx is negat-
ive (i.e. the satellite is on the opposite side of the sheet).Tim-
ing analysis on the oscillations gives a phase velocity of∼120
km/s in theŷ direction. With the 60 second period, this gives a
wavelength of 7200 km. Using this wavelength, the 60 degree
rotation ofẑ implies an amplitude of 500 km.

The amplitude can be independently verified by noting the
satellite separation inz. Cluster 3 is lowest inz, followed by
C4, then C2, and C1 is highest. The relativez separations are
893 km, 1061 km and 1986 km respectively. Since the top of
the C3 trace barely overlaps with the C2 and C4 traces, which
in turn barely overlap with the C1 trace, the amplitude must
be roughly half the separation distance, or∼500 km. The em-
bedded sheet thickness can also be estimated in this manner as
something like 2500 km.

At 0325 UT, the current sheet begins to rapidly break up. On
the ground, there is evidence of a pseudobreakup at this time;
the main substorm follows after that. For this study, however,
we’re interested more in the interval before this happens.

The bottom two panels show the electric field from the Cluster
EFW double-probe electric field instrument [9] in the same ro-
tated coordinate system. Cluster EFW only measures in two
dimensions: roughlŷx and ŷ. To project to this system, we
have assumed zero electric field along the unmeasured axis.
An offset has also been subtracted from the sunward direction
(∼ x̂).

As a check on the assumption that the unmeasured compon-
ent is roughly zero, we tried determining it using the constraint
~E · ~B = 0. This yielded similar results, except when~B was
near the spin plane (in which case this second method has a
well known divide-by-zero failure).

There is a clear oscillation inEy. It has the same period as
the magnetic kink-mode oscillations, but is 90 degrees out of
phase. Applying equation 10, the induced electric field in the
y direction should be∼ 0.2 mV/m for kink-mode oscillations

with the characteristics found above, and should be 90 degrees
out of phase. Consequently, we interpret these oscillations as
resulting from the same even-parity perturbation to the sheet.

In summary, kink-type waves are clearly seen, and the elec-
tric field measurements resolve the∼ 0.2 mV/m fields from
this motion. What is notably lacking, however, is any evidence
of a strong DC electric field. The field is much less than the> 2
mV/m that would be required for this to be a forced current
sheet. There is also little anisotropy in the particle measure-
ments (not shown). This is clearly not an example of a forced
current sheet.

6. Event search

We tried to find an example of a stable forced current sheet
driven by DC electric fields in the 2001 Cluster data. Based on
the results shown in Figure 2, the required electric field is

Ey & (2mV/m)

√

0.3cm−3

n

(

Bz

2nT

)

. (14)

In order to include as many events as possible, we looked for
stable sheets that hadEy greater than half this value. Despite
looking at more than 100 stable current sheets, no events were
found.

There were certainly intervals in the Cluster data whenEy

exceeded this threshold. However, these were invariably inex-
tremely dynamic, unstable current sheets. The portion of the
event shown in Figure 4 after 0325 UT is an example.

7. Conclusions

We used an iterative self-consistent method to find a station-
ary solution for a forced current sheet with a kink-type wave.
This is the first report of this type of solution. The solution
is similar in many ways to the solution for a flat forced cur-
rent sheet, except that the sheet is considerably thicker. This
thicker sheet translates into a reduced efficiency for converting
the pressure anisotropy into an organized current.

We estimated the electric field required to establish a forced
current sheet with equal parallel and perpendicular pressures in
the satellite frame. The result was quite large: at least 2 mV/m
in typical sheets.

We then searched the Cluster data for 2001 for an example of
a stable forced current sheet supported by a DC electric field,
either with or without kink-type structure. Our failure to find
an example means that the relative velocity between the satel-
lite frame and the deHoffmann-Teller frame is low, except in
extremely dynamic situations. We conclude that forced current
sheet models (with anisotropy supplied by the deHoffmann-
Teller translation) are not widely applicable to the stablemag-
netotail at∼19 RE .

This does not mean that these models are never applicable.
However, it does restrict their domain. First, they could beuse-
ful in very dynamic situations with large DC electric fields.
This is an important class of phenomena including reconnec-
tion outflow regions and bursty bulk flows. Second, periods of
unusually large pressure anisotropy do exist. A follow-on study
searching for such events would be worthwhile.
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